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Boundary-value problems of the three-dimensional asymmetric micropolar, moment theory of elasticity
with free rotation are considered for thin plates. It is assumed that the total stress-strain state is the sum
of the internal stress-strain state and the boundary layers, which are determined in an approximation
using asymptotic analysis. Three different asymptotic forms are constructed for the three-dimensional
boundary-value problem posed, depending on the values of dimensionless physical constants of the plate
material. The initial approximation for the first asymptotic form leads to a theory of micropolar plates with
free rotation, the initial approximation for the second asymptotic form leads to a theory of micropolar
plates with constrained rotation, and the initial approximation for the third asymptotic form leads to a
theory of micropolar plates with “small shear stiffness.” The corresponding micropolar boundary layers
are constructed and studied. The regions of applicability of each of the theories of micropolar plates
constructed are indicated.
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Interest in the asymmetric micropolar moment theory of elas-
ticity has recently increased owing to new problems in modern
micromechanics and nanotechnology.!-1! An extensive class of
two-dimensional problems related to the formulation of a gen-
eral asymmetric theory of elasticity was previously studied, exact
analytic solutions were constructed,'?3 and problems of wave
propagation within the model of a Cosserat solid were considered in
Refs.14-16. Another class of problems consists of micropolar beams,
plates and shells. Theories of micropolar beams, plates, and shells
with constrained rotation have been proposed using the method of
hypotheses.1”-1° Theories of thin beams, plates and shells based on
the theory of Cosserat surfaces have been developed.29-22 Alterna-
tives for constructing a theory of plates and shells23-2> based on the
three-dimensional equations of the asymmetric theory of elasticity
with independent displacement and rotation fields have been pro-
posed. The fundamental tenets of the general asymmetric theory
of elasticity and refined theories of plates and shells2728 have been
integrated to construct a theory of micropolar shells and plates.26

Asymptotic analysis has been used extensively to construct a
general theory of thin beams, plates and shells.29-34 Asymptotic
analysis was first used3> to derive equations that describe the bend-
ing of thin plates in displacements and independent rotations from
the three-dimensional equations of the asymmetric theory of elas-
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ticity. The problem of constructing a general theory of micropolar
plates using asymptotic analysis was formulated in Ref. 36.

1. Statement of the problem

Consider an isotropic plate of constant thickness 2h as a three-
dimensional micropolar elastic solid. We introduce a Cartesian
system of coordinates Ox1, X2, X3, so that the Ox1, x, plane coincides
with the midplane of the plate. We start out from the fundamen-
tal equations of the three-dimensional static problem of the linear
asymmetric theory of elasticity with independent displacement
and rotation fields:37-39 the equilibrium equations

Gjij = 00 Wi j+20; = 0 (11)
the physical relations

Cji (W + )Y+ (U= o) Yy + AV,

Wi = (Y+&)L+ (Y =)+ Prudy; (1.2)

and the geometric relations

Yij = Ui~ %O Xij = O (1.3)

Here oy; and ;; are the components of the asymmetric force and
moment stress tensors, v;; are the components of the asymmetric
strain tensor, x;; are the component of the asymmetric bend-twist
tensor, N, |, o, 3, 'y and & are the constants of elasticity of the
micropolar material, u; are the components of the displacement
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vector, w; are the components of the independent rotation vector
at points in the body, 3 are the Levi-Civita symbols and the sub-
scripts i, j after a comma denote differentiation with respect to the
coordinates x;, X;, respectively. Here and henceforth, the subscripts
i,j, k take the values 1, 2, 3.

The following force and moment boundary conditions are spec-
ified on the faces of the plate x3 =+h

+ +
O3 = pi» M3 =my (1.4)

where the pl.i, mii are the components of the specified external
forces and moments.

The following mixed boundary conditions are specified on the
edge of the plate (X=%;U X5):

_ ok _ . _ _ ook
G;n; = p;, Wun; =m on 5 o= ul, 0, = 0 on I,

(1.5)

where the p?, m} are the components of the given external forces
and moments, n; are the components of the vector of the normal to
the edge surface of the plate, and uf, w} are the given components
of the displacement and independent rotation vectors.

The solution of boundary-value problem (1.1)-(1.5) is the sum
of the solutions of the problems that are symmetric and inversely
symmetric about x3. In the symmetric problem oyum, 033, [n3, L3n,
uy and w3 are even functions in x3, and op,3, 035, enm, K33, U3 and oy
are odd functions. In the inversely symmetric problem the opposite
is true. Here and henceforth, the subscripts n, m take the values 1,
2,and n#m.

Itis assumed that the thickness of the plate 2h is small compared
with its characteristic dimension g, i.e., 2h < a, d=hfa <« 1, and d is
a fundamental small parameter of the problem.

After performing scaling along the coordinate lines in the initial
equations and boundary conditions (1.1)-(1.5), as is done in asymp-
totic analysis, we obtain multipliers with the small parameter & in
front of some derivatives. It is assumed that the full stress-strain
state of the thin three-dimensional elastic body forming the plate
consists of the internal stress-strain state that extends throughout
the entire plate and the boundary layers localized near the edge
surface.

2. Introduction of dimensionless coordinates and
dimensionless physical parameters

We will change to dimensionless coordinates in Eqs. (1.1)-(1.3)
using the formulae

_h e A
E=— n=_, L=+

a

(2.1)

As a result, we obtain a singularly perturbed system of differential
equations with the small parameter 9.

When the asymptotic representations of the boundary-value
problem (1.1)-(1.5) are constructed in a thin region of the plate, the
values of the physical constants of the micropolar material of the
plate play a major role. We introduce the dimensionless parameters
a By &

’

TR L TR AT (2.2)

We will represent the solution of the internal problem in the form
of the asymptotic expansion

N
0 = §9 z BSQ(S)
5=0 (2.3)

where s is the number of the asymptotic approximation, Q is any
of the stresses (force and moment stresses), displacements and
independent rotations, q is a natural number, which is different
for different quantities and is determined from the condition of
self-consistency of the recurrent system of equations after sub-
stituting expansion (2.3) into the transformed system (1.1)-(1.3)
and equating the coefficients of all the powers of 8 to zero in each
equation.

Depending on the order of magnitude of the dimensionless
physical constants (2.2), we consider three different asymptotic
approximations.

3. The theory of micropolar plates with independent
displacement and rotation fields

Let us assume that all the dimensionless physical constants (2.2)
are of the order of unity. In this case, for the number q in the expan-
sions (2.3), we obtain:

for the symmetric problem with respect to x5 (a generalized plane
stress state of the micropolar plate)

q = 2 for Ouns Omns Him3s Mz Uy O3

q = 1 for O3> O3ms Knns My M3z Uz, @3 @ = 0 for REE (31)

for the inversely symmetric problem with respect to x3 (bending
of the micropolar plate)

q = 1 for G 3> O3ms Mpms Minnr M3z, U3, @

q = 0 for G ns Omnr 0335 Hypzs Mgy Uy O3 (32)

The specific properties of the internal iterative process are as fol-
lows.

1°. The system of equations obtained for the approximation with
the superscript s allows of integration with respect to the vari-
able ¢, and the corresponding required quantities will vary
across the thickness of the plate according to simple laws. In
the initial approximation, for the plane stress-state problem we
find that the displacements uy,, the independent rotation ws,
the force stresses oun, Omn and the moment stresses wms3, W3m
are constants across the thickness of the plate, the displacement
us, the independent rotations wy, the force stresses o3, Om3
and the moment stresses Wnn, Pmn, P33 are linear functions of
{, and the stress o33 is an even quadratic function of {. For the
bending problem u3, ®m, 03m, Om3, Pnn, Pmn and L33 are con-
stant across the thickness of the plate, and up,, w3, onp, Omn, 033,
Wm3 and sy, are linear functions of o.

2¢. Instead of the force and moment stresses, we introduce stat-
ically equivalent forces, moments and hypermoments, which
are also expanded in asymptotic series when expansion (2.3) is
taken into account.

For the generalized plane stress-state problem, we introduce the
forces Tnn, Snm, the moments Ly,3, L3, M3, M3, and the hypermo-
ments App, Amn, A3z, which are averaged across the thickness of
the plate (henceforth, unless stated otherwise, the integration is
carried out from —h to h)

Tnn = Ionndx37 Snm = Jo-ndeB’ Lm3 = J“m}dfo L3m = J‘u3mdx3
MmS = J‘O'm3X3d)C3, M3m = Jo3lllx3dx3
Arm = J.u"”)(3d)€3, Amn = J“’mnx.“sdx}’ A33 = J-P-zsxzdxs

(3.3)
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For the bending problem, we will introduce the forces N3, N3,
the moments Mpn, Mmn, M33, Lnyn, Lmn, L33 and the hypermoments
As3n, Ams, which are averaged across the thickness of the plate

Nn13 = ‘[61)13dx3’ N3m = _[03ltzdx3’ Mnn = Ion71x3dx3’

M, = Jonlnx3dx3

mn
L, = IunndX3» Lyy = Iurnndx3’ Ly = Jﬂzsdxs

My = fo33x3dx3, Aps = ju1713x3dx3’ Az = Ju3mx3d‘x3 (3.4)

Note that a governing system of two-dimensional equations for the
internal problem can be obtained for each asymptotic approxima-
tion with the superscript s.

For values of the dimensionless physical constants (2.2) of the
order of unity and the asymptotic approximations (3.1) and (3.2),
we obtain two independent systems of equations.

For the generalized plane stressed state problem we have:

the equilibrium equations

aT,, 9S
—_—

nn mn _

ox dx

Ly Ly S12—8, =
=—-p, —= +S.,— - _
m Pn axl ax2 12 2 s (3_5)

n

the elasticity relations

2Eh
Tn" - l - Dz(r"ﬂ + Ul—‘l?l"l)’ Smn = 2’1[(u + a)rmn + (“' - a)rﬂlﬂ]
Ln3 = 2h4—ys_kn3 + ul‘}n
Y+E Y+E
(3.6)
and the geometric relations
_ avn r _ avm ( I)mQ k _ an
nn — axn’ nm _a;:f - 3 n3 — axn (37)

Here v, are the components of the displacements, 23 is the inde-
pendent rotation at points in the midplane of the plate, I';; and
I"ym are the components of the strains, and k,3 are the components
of the bend-twist at points in the midplane of the plate.

It should be taken into account that

_ o+ ~ o+ - o+ - _
Pn = Pnt Dy My = m,—m,, my = mz+ms, L3n - hmn

(3.8)

Note that the system of equations (3.5)—(3.8) is identical to the cor-
responding system of equations for the plane strain of a micropolar
plate with free rotation previously obtained in Refs. 39-42.

If a solution of the system (3.5)-(3.8) is found, the three-
dimensional required quantities (the displacement vector compo-
nents, the independent rotation vector components, and the force
and moment stress tensor components) can be determined using

the formulae

U, = V,(xp, %), Uz = x3B5(x;, x5), 0, = x30,(xy, x,),
o3 = Q3(x;, ;)
Tnn('xl’ x2) Smn(xl’ xZ) 3X3
Oun = T’ Omn = T’ O3 = _3Mn3(x1’x2)’
2h
3x;

637! = i?M311(X[’ xZ)

Ln3('xl"x2) L3 (X], )Cz)
| —n W3, = ;211—

3x3
Wonn = ﬁ/\mn(xl’ XZ)

3x;
s Mn = ?Ann('xl’XZ)’

3x3
M3z = —5A53
2h

For the problem of the bending of micropolar plates with free rota-
tion, we have:

the equilibrium equations

aNB a1\,23 _ aLrlrl_‘_aLmn_'_( 1)m(N N ) = _m
8_x1+8_x2 = —Ps3» B—x,,- ox,, - m3 3m) = n
(3.9)
the elasticity relations
Nn3 = 2h4u_arn3 + uN}n
L+ o L+ o
Lmn = 2h[('Y + S)knm + (Y - S)kan
4y(y+B) 2vB } B
L = Zh[ knn + kmm + __L
2y+B 2y+B 2y+p % (3.10)
the geometric relations
m Q Q
rn} = iv—v'-*'(—l) Qm’ knn = __”’ knm = =
ox, ox, ox, (3.11)

Here w is the deflection of the plate, 2, are the independent rota-
tions about the x; and x, axes at points in the midplane of the
plate, I';;3 are the strain components, and the ky;, kmn are the com-
ponents of the bend-twist at points in the mid-plane of the plate.
In addition,

N3n = hpn’ L33 = ]1M3

+ - + - + - + -
Pn = Py—Pns Pz = P3 + Py m, =m, + m,, msz = mMz—m;y
(3.12)

Note that for values of the dimensionless physical parameters (2.2)
of the order of unity in the obtained version of the theory of bending
of micropolar plates with free rotation (3.9)-(3.12), free rotations
and shear strains play the main role. These equations bear some
similarity to the equations of the refined Reissner theory of elastic
plates.43

Substituting expression (3.10) into equalities (3.9), expressing
the strains and bend-twists in the obtained equations in terms
of the deflection and angles of rotation using expressions (3.11),
we obtain a system of three differential equations in w(xq, x) and
Qn(x1, x2), which can be reduced to two equations: an equation in
the displacement w(xq, x3), in which the differential operator will
be the operator of the classical theory of plate with bending and the
flexural stiffness replaced by the quantity 2h(y+¢), and an equa-
tion relative in a function of the angles of rotation of the Helmholtz

type.
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If a solution of the system of equations (3.9)-(3.12) is found, the
required quantities in a three-dimensional region of the plate will
be defined as follows:

uy = wxp, x), ©, = Q, (x,x,),

u, = x3B,(x;, x;), @3 = x;0;5(x;, xp)

1 1
Opn3 = 2—hNn3(x1,x2), O3 = 2—hN3n(x1,x2)

3x; 3x3
Oun = 2h Mnn(x]’xz) Omn = h an(xl’XZ)’
3x,
O33 = —M3(xp, x3)
i
3x; 3
Haz = —5Aa(x, x), My, = —5A5,(x, )
2h
1 1
Hpn = h nn(xl’XZ) ”lmn = h mn(xl’xz) u33 = ZhL'ﬂ(xl’XZ)

Let us consider the boundary layer for a micropolar plate with free
rotation. We will assume that the plate edge surface ¥ on which
the boundary layer is located is specified by the equation x1 =x1g.

To study the boundary layer in the three-dimensional equations
(1.1)-(1.3), we make a replacement of independent variables using
the formulae
x=xyo = h&;, x;=an, x3=h{ (3.13)
and we assume that the asymptotic order of all required the quan-
tities remains unchanged when differentiated with respect to &;,
M. &

We will represent the solution of Eqs. (1.1)-(1.3) thus trans-
formed in the form

\)

Q= 2 g4 R

= (3.14)

where R is any of the force and moment stresses, dimensionless dis-
placements (v;=u;/a) and independent rotations. Since the force
and moment inhomogeneous boundary conditions (1.5), which
were specified on the faces of the plate { =41, were satisfied when
the internal problem was solved, solution (3.14) should satisfy the
homogeneous boundary conditions on the planes {=+1:
O3 =03 =033 =0, Hy =Up =Hy3=0 (3.15)
After substituting expressions (3.14) into the transformed system
(1.1)-(1.3), we obtain a self-consistent system of equations for the
approximation with the superscript s if asymptotic expansions of
the following form are taken for the required quantities:

N

% s (s)
y=0 X0, uy

s=0

V. = x+128v (:) o =

N
=¥3 8wy

Q
]

x+126: (s)

(3.16)

The integer x characterizes the intensity of the boundary layer and
S indictes the number of asymptotic approximations.

The system obtained for the asymptotic approximation with the
superscripts can be written in the form of four systems. Two of them

have the form

(s) (s) s s
doy; +8031 _ pls-D 8(51 )+80'(33) = RU-D
3&1 a8 197 98, T ag
av(ls) (5) s—1)
— = F R
a&l 123(5(u’ }\‘) + )
(s5)
) -1 Jv s
Filo+Rsy V=0, =2 = G o)+ RSV
9,
1 (s5) (s—1)
— = Gy (L, )+ R
ag o e (3.17)
aG(S) a (Y) R(sAl)
og, * C 2
3‘)(‘) () -1~ (-1
a§] =Gt Rys > GalgtRog =0,
av(f)
(s) (s-1) (s) (Y 1)
G5+ R =0, =— =G
230 1006 ac 320 lla (3.18)
Here
(5) _ L+ A ) _ A ©) , <0
Fiiko M) = oo o3 % ~ apan s 3n 04+ o)
(s) _p+a (o) _ p-o (s)
Cuolt @) = G %0~ i O (3.19)

Two more systems are obtained as a result of the following replace-
ment of variables

(0,‘,‘7 U, Ry L, A, 1) — (H,‘jy ®;, Rku’ Y, B, €) (3.20)

Henceforth we shall refer to the last two systems as (3.17), (3.20)
and (3.18), (3.20).
The formulae for Rgfa’l) and jo,;l) are not given here because

of their length. When s =0, these functions are identically equal to
zero.

Equation (3.17) describe the force plane strain in the (&, {)
plane. When replacement (3.20) is made, equations of antiplane
strain of the moment type can be obtained from them. Equation
(3.18) describe force antiplane strain (torsion). When replacement
(3.20) is made, equations of plane strain of the moment type can
be obtained from them.

According to the properties of the boundary layer we should find
solutions of the systems of equations (3.17), (3.18) and (3.17), (3.18),
(3.20) in the half-strip 0 < &; <+ 00, -1 < { <1 that satisfy conditions
(3.15) on the faces of the plate and decay rapidly with increasing
distance from the edge x; =x19 (£ =0) inside the plate.

The requirement for the a decaying stress-strain state to exist
imposes additional conditions on the boundary values of the force
stresses, moment stresses, displacements and independent rota-
tions in the solutions of the boundary layer. These conditions can
be derived directly from Eqgs. (3.17), (3.18), (3.20). For this purpose,
we apply the operators

1 oo 1 oo 1 oo
Jdgf(rdey,  [Ldgf(rde,,  [dgf()E,de,
-1 0 -1 0 -1 0

to the corresponding equations.
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After some reduction, we obtain the following conditions on the
edge &, =0

~(s—1
7,

1 1
(s) (s—1) (s)
Jolidczri , J”z dg =

- -1

1
)4 4uo 1 (s) ~(s—1)
jCG %{ajbﬁ dc =7T3

-1

jéo(”dc 4u(u+7»)1J' Wdg = 7
-1 (3.21)

Another group of conditions can be obtained after making a replace-
ment of variables using (3.20) in Egs. (3.21). Equalities (3.21) hold
both for quantities with the subscript (p) and for quantities with
the subscript (a), that are introduced below.

The quantities r(S 1), ?5571) are expressed in terms of the right-
hand sides of RE{SU 1) (k=1, 2, ..., 11) of the governing equations
(3.17), (3.18) for the boundary layer. When s =0, they are equal to
zero.

These conditions will play an important role in combining
the asymptotic expansions for the internal problem and for the
boundary-layer problems when the three-dimensional boundary
conditions (1.5) on the edge surface ¥ of the plate are satisfied.

The solutions of the systems of equations (3.17), (3.18), (3.20)
that decay as & — oo and satisfy the homogeneous boundary con-
ditions (3.15) on the faces of the plate ({=41) will be called
boundary-layer functions.

When s=0, systems (3.17), (3.18), (3.20) are homogeneous and
independent. We shall call the boundary layer described by system
of equation (3.17) when s=0 a pure force plane boundary layer, we
shall call the boundary layer described by system (3.17), (3.20) a
pure moment antiplane boundary layer, we shall call the boundary
layer described by system (3.18) a pure force antiplane boundary
layer, and we shall call the boundary layer described the system
(3.18), (3.20) a pure moment plane boundary layer.

We find the decaying solution of each of the four boundary-layer
problems by separating the variables:

(0) ) 0)
R(I’) - ZA p)rR(p)r(}"/a C)exp( 7"& ) (A(p), <_)B(p)r)(p - a),

)

ReA, >0
(3.22)

Here Rggi(p — a) represents any of the required quantities for a
plane (with the subscript (p)), antiplane (with the subscript (a)),
force and moment boundary layer, respectively; A 0) - and B(O) are
unknown constants that apply to the force and moment boundary
layers, respectively.

For a pure force plane boundary layer, the functions R (A, 0)
are expressed in terms of the function ®.(A\;, {), for Wthh the
following formulae hold:

for the bending problem

1 b, .
D, (A, L) = —(l ?»,+—-—)cos7», + {sinA,
¢ ST LD, S+ Gsind, G (3.23)
where A\ is the root of the equation
kysin2A, +2A, = 0 (3.24)

for the generalized plane stress state problem

Q. (1,0 = f(ct A ———)smk + {cosh
(e g C+Ceosh, (325)
where A is the root of the equation
kysin2A,—2A, = 0 (3.26)
Here
1
R Rl
[ WAL W
= b, = 2L+ a)(2u+A)
a-p-X (3.27)

It can be shown that the following generalized orthogonality con-
dition holds for boundary-value problem (3.17) when s=0

1
[ (@i Vv - O 3o Vip)dC = 0, o= 1,2, ..
) (3.28)
The equation for a pure moment antiplane boundary layer
can be obtained by replacing the required quantities in formulae
(3.22)-(3.28) according to (3.20) and replacing A(p)r by B(a)r
For a pure force antiplane boundary layer the functions

Reayr(Nr, {) are expressed in terms of the function F(\y, {), for which
the following formulae: for the generalized plane stress state

A, C) = cosh G, A, =rm; r=12,.. (3.29)
and for the bending problem
3 n. -_—
F,(A,0) = sinA, g, A, = (2r+ 1)5, r=0,12,.. (3.30)

For a pure moment plane boundary layer, formulae (3.22), (3.29),
(3.30) are valid when the replacement (3.2) and the replacement of
AES))r with B(Og are taken into account.

When s > 1, the systems of equations (3.17), (3.18), (3.20) for all
four types of boundary layers become inhomogeneous and have
right-hand sides that are known from the preceding approxima-
tions. The structure of the general solution of the boundary-value
problem for each of the four types of boundary layers is defined by
the equality

(s) () ) (s) (s) (s) (s)
R, = ZA(,,),R(p)r(}‘r’ 0)exp(-A,&)) + Rycpy + Ricay (A, <> B

*(a (p)r

p<>a)
(3.31)

The first term represents the general solution of the correspond-
ing homogeneous boundary-value problem and is constructed
precisely like the homogeneous solution in the zeroth approxi-
mation (s=0). The second and third terms are particular solutions
of the corresponding equations that satisfy homogeneous bound-
ary conditions (3.15). These solutions do not contain undetermined
coefficients.

Thus, the differential equations of the internal problem and
the boundary layers have been constructed using the asymmetric
theory of elasticity with independent displacement and rotation
fields. Therefore, the general solution of three-dimensional prob-
lem (1.1)-(1.5) can be represented in the form
J= 80+ 8 R 8 R (332)
where the integers x and . characterize the intensities of the
plane and antiplane boundary layers, respectively. They should
be selected so that it would be possible to satisfy the three-
dimensional boundary conditions (1.5) on the edge surface X of the
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plate. The subscript in parentheses (int) indicates that the quantity
belongs to the internal stress-strain state. Summation from s=0 to
s=Sis implicit in the repeated index s.

Let us obtain the boundary conditions for the two-dimensional
theory and for a boundary layer.

To fix our ideas, we will consider the case in which the following
three-dimensional boundary conditions of the first boundary-value
problem are specified on the surface ¥ (& =&10)

*

_ % _
Oy =Pi» Hy=m

(3.33)
We substitute the expressions (3.32) into the three-dimensional
boundary conditions (3.33). We obtain a self-consistent iterative
process when x = u = —2 for the generalized plane stress state prob-
lem and when ¥ = . = —1 for the bending problem. Conditions (3.21)
were used when deriving the boundary conditions for the internal
problem and the boundary-layer problems.

In the zeroth asymptotic approximation (s = 0), taking conditions
(3.21) into account, we obtain the boundary conditions of the the-
ory of micropolar plates with free rotation on the edge x; =x;q for
the generalized plane stress state

h h h
Ty = '[P;kdxy Sip = JPEkdx,a’ Ly = J.mg“dx3
h h ~h (3.34)
h h h
Ny = _[ngdxs’ Ly = _[mikdxa’ Ly, = Jm;‘dx3
-h —h -h (3.35)

Thus, Egs. (3.5)-(3.7) and boundary conditions (3.34) comprise a
model of the theory of the generalized plane stress state of microp-
olar plates with free rotation, and Egs. (3.9)-(3.11) and boundary
conditions (3.35) comprise a model of the theory of the bending of
micropolar plates with free rotation.

On the edge &; =0, for the boundary layer we obtain the follow-
ing boundary conditions:

in the generalized plane stress-state problem:
011(p) =f1(L), T13(p) =0 for the pure force plane boundary layer
O'12(a) =f2({) for the pure force antiplane boundary layer
M11(a) =0, R13(q) = W3(£) for the pure moment antiplane boundary
layer
W12(p) =0 for the pure moment plane boundary layer

in the bending problem:
O11(p) =0, T13(p) =f3({) for the pure force plane boundary layer
O'12(q) =0 for the pure force antiplane boundary layer
M11¢a) = Y1(L), 13y = 0 for the pure moment antiplane boundary
layer
Waz(py = W2({) for the pure moment plane boundary layer

Here
1 1 1 l

FA8) = pF—5[pidl. ¥(Q) = mi -5 [midg
-1 -1

Note that the differential equations for each of the four boundary
layers are homogeneous when s=0. Then, if the boundary condi-
tions for the boundary layers are homogeneous, the solution is the
zero solution.

Thus, a theory of micropolar plates with free rotation has been
formulated using an asymptotic approach. For the generalized
plane stress state problem, it consists of the system of equations
(3.5)-(3.7) and boundary conditions (3.34), and for the bending
problem it consists of the system of equations (3.9)-(3.11) and
boundary conditions (3.35). It is noteworthy that each of these

systems of equations is of the sixth order and has three boundary
conditions on the edge.

For s =0 separate boundary-value problems were formulated for
each of the four boundary layers. The constants of the boundary
layers can be determined by, for example, a variational method,
the least squares method, etc. The boundary-value problems for the
boundary layers can be solved, for example, by a finite-difference
method or finite element analysis.

4. The theory of micropolar plates with constrained
rotation

We will assume that the dimensionless physical constants of the
plate material can be represented in the form
o 2 2 € 2
a1 Bowp, L-wy,. -k,
ap ap ap (4.1)

where B+ v+, &+ are quantities of the order of unity.

In this case, for boundary-value problem (1.1)-(1.6) an asymp-
totic representation form that differs from (3.1), (3.2) exists. We will
henceforth confine ourselves to the bending problem. In (2.3) we
select the following values of g

q = 1 for O3m> Om3s Mnns Mmms H33

q 0 for G335 K3 Hin3s
g =2 for G, Cpp Uy @35 g = 3 for us ®, (4.2)

The asymptotic form (4.2) has the following special features.

1°. Rotations at points in the midplane of the plate are expressed
in terms of the deflection of the plate at those points.

2°. The system of equations for one group of the quantities sought
represents the theory of micropolar plates with constrained
rotation. For w33 and w3, separate differential equations in
the transverse coordinate ¢, and the coordinates &, m serve as
parameters.

Note that the asymptotic form (4.2) for the quantities of the
classical theory of elasticity is identical with the asymptotic form
of the corresponding problem in the classical theory of elasticity
for plates.3!

When (4.1) is taken into account, the asymptotic form (4.2) leads
to the following system of two-dimensional governing equations of
the theory of bending of micropolar plates with constrained rota-
tion: the equilibrium equations

ON;; ON,;

Ox,  ox, Ps
ALy, — (-1)"My,)  3(L,,—(-1)"M,,)
+
axl axz

+(-1)"N,; = —m,+(-1)"hp,,

(4.3)

and the physical relations

nn

_ 2EK 9B, 9B,
- 3(1-u2)[3xn waxm}’

_ _2EK (9B, 9B, " =D
"m_3(1+u)(a_x;+§;c—)+(_l)hm3+ 2

n-1

Ly

m

Q
nn = 4h7§—"‘l + —_ﬁ.—L%’
ox, 2y+P
0Q,
0x,, (4.4)

nm

0Q,,
L,, =2h(y+ E)W +2h(y-¢€)
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Here
m ma
Q, = ~-1)"B, = (-1)"5
(4.5)
+ - + - + -
Pn = Py~ Pn> p3=p3+p3’ mn=mn+mn
. 4 4h’o,
M, = my;—m,, L, = 2hk, mathk,, k, =
3 3 3 33 1 M3k, 1 27+ B (4.6)

Using Eqs. (4.3) and (4.4), we obtain the resolvent for the deflection

ap, aPz) om, dom,

D*V*V2y = —h( e
Ps dx, ax2 dox; 0dx, (4.7)
Here
2EK’ 2ER’
D* =2h(y+e)+ ———, D= ——
3(1-v%) 3(1-v%) (438)

where D is the classical stiffness of the plate and D* is the flexural
stiffness of micropolar plates with constrained rotation.

The resolvent for the bending of micropolar plates with con-
strained rotation is similar to the Sophie Germain-Lagrange
equation of the classical theory of plates. The difference is in the
formulae for the stiffness. In addition, terms related to the external
moments m, appear on the right-hand side of Eq. (4.7).We obtain
the following boundary-value problems in 33 and 3,

82u k2

;3-—21133 =0, Hy(xz3=h) =my
oxy h (4.9)
azu3n k%

- =MWy, = fu(x), Xy x3),
el

N _ /h2 4po
Wan(xz=h) =m,; k, = ﬁ_eum

The coordinates xq, x5 serve as parameters.

If a solution of Egs. (4.7), (4.9) and (4.10) is known, the required
quantities in a three-dimensional region of the plate are defined as
follows:

(4.10)

uy = w(xy, xy), u, = x3B(xs %), @, = Q,(x, x;)

3x; 1 1

Opn = _Mnn(xl’x2) Wun = h nn(xl’x2) Hpm = /’Z nm(xl’x2)
20

The resolvent for the bending of a micropolar plate (4.7) can
be obtained by an asymptotic analysis using formulae (2.3) (4.2)
directly from the three-dimensional asymmetric theory of elas-
ticity with constrained rotation.** The resolvent for bending of
micropolar plates (4.7) was previously obtained in Ref. 18 by the
method of hypotheses from the three-dimensional asymmetric
theory of elasticity with constrained rotation.4

An asymptotic form can be chosen for the problem that is sym-
metric about x3, and a theory of the generalized plane stress state
of micropolar plates with constrained rotation can be constructed
in a similar manner. An identical theory was constructed for the
case of plane strain using the method of hypotheses in Refs. 42, 45.

To study the boundary stress-strain state of a plate in Egs.
(1.1)-(1.3), we replace the independent variables using formulae
(3.13) and take into account relations (4.1) for the dimensionless
physical constants. Then, the solution of Egs. (1.1)-(1.3), trans-
formed in this way, can be represented in the form (3.14). In the
asymptotic approximations we obtain a self-consistent system by

selecting the following asymptotic representations for the required
quantities

N N
‘ (; x+1 s (s)
Z l/’“u'S 28“11’
-0 .
N

N
x+1 \(s) _ s s (s)
=39 z v, o, = &Y &oy;
s=0

(411)

We represent the equations obtained for the asymptotic approxi-
mations in the form of two systems

ac§§>+ac<‘> RG-D do\y ol - RSD
9§,  d¢ T0g, 3§ ’
oy auy ® &)y _ pG-D
+—=>+a(0y -073) = R
o, T wem
81)(IS) (s) (s=1) av(! (5)
— = F}} M+RS™, ——=F A
3, 1236(1, A) + Pl4 326(1L M),
FSL M +RY ™Y =0
w6 aU(\) RO 6-1)
a—é"mz = Gyje(, 0, 38, t @ =G3o(, ) + Ry,
0 1 “6-1)
—— = —G5,(Ys, €) + R¢
98, ~ap 12T & (4.12)
00y © G =(s-1)
ac = anu(Y*, E*) 21;1(7*’ €)+ Ry =0,
l 1)
G (Tse) +RS T = 0
ap
3oty 30% _ - oM amy) (68— oy = RUD
98, d¢ 2 Qg T S
outy au§y ®) )y _ »G-D
+—=+a(o;, -0, ) = R3
a&l ac 12 21
a‘U(Y) () (s=1)
e 08 = GO a) + R
. s
m = G(lo(u, 0€)+R(6 b, a—é‘”’)(l:) = G3zo(“’ o),
~o) = o o)+ Ry
0 1 con 005 1 g
———ail = auF123u(Y*, B*)"‘RS C o T aFnzu('Y*’ Bs).
80)(5) _ 1 G(S)
2C T 31u (Vs €x)
(5)
1 (s=1) _ 003 _ 1 G 1)
aqulap(Yakx B*)+R7 =0, aél = au 13u(Y*’€*)+R9
(413)

The expressions for R;{s_” and Rf‘” are not given here because of
their length. When s =0, they are equal to zero.

The systems of equations (4.12) and (4.13) have a mixed
force-moment form. System (4.12) defines a plane force-moment
stress-strain state (plane strain), and system (4.13) defines an
antiplane force-moment stress-strain state. The requirement for
a decaying stress-strain state to exist imposes the following addi-
tional conditions on the boundary values of the variables of the
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asymmetric theory of elasticity

Joftic - 7% oo

-1

dC+ ’[u(é)dc E(1Y b,

s K s—1
2o [ - [ = B

1
A

(s) (s) ~(s-1)
Jvl dC + 4“(H+M‘|‘Cc d¢ = E3
1
) 1 4(h+p) ©) 4 A
Iu)z dC+y*+e*{k+2u JCU Zu(}\,+2p)
jea] -2
(4.14)

The quantities E,(f*]), Efs D EG=1 are expressed in integral form in
terms of RES_” and RE(S D They are all equal to zero when s=0.

In the initial asymptotic approximation (s = 0) systems (4.12) and
(4.13) separate completely, and the decaying solutions of both sys-
tems can be found by a separation of variables. As a result, we can
construct functions of the boundary layer and prove the following

generalized orthogonality formula for them
1 1

0 (0 © (0 (0)
I(°11r<p)“1v(p> O13um V3rm * “12r<p)°’2v
-1

)dC—O

Investigating interaction of the inner stress-strain state and the
boundary layers, we obtain the boundary conditions of the theory of
micropolar plates with constrained rotation for the first boundary-
value problem when s=0

h
M, +Ly, = I(;@pi" +m5)dxs,
~h
2 f 2
N|3+BT(M]2—L“) = J[p;‘+é——(x3p;‘—mf<)idx3
2 X2 J
—h (4.15)

Boundary conditions (4.15) for micropolar plates with constrained
rotation were previously obtained by the method of hypotheses.46

Thus, the boundary-value problem of the theory of bending of
micropolar plates with constrained rotation is described by sys-
tem of equations (4.3), (4.4) (or the resolvent (4.7) and boundary
conditions (4.15)). The corresponding boundary conditions for the
boundary-layer problems for systems (4.12) and (4.13) were also
obtained when s=0.

5. The theory of micropolar plates with “small shear
stiffness”

It was stated above that different asymptotic forms of boundary-
value problem (1.1)-(1.6) of the asymmetric theory of elasticity
with independent displacement and rotation fields can be con-
structed, depending on the values of the dimensionless physical
constants of the plate material (2.2). In Sections 3 and 4, we con-
structed and studied two different asymptotic forms, depending
on the values of the dimensionless physical constants of the plate
material. These asymptotic forms provided basis for constructing
two theories of micropolar plates, namely, a theory with free rota-
tion and a theory with constrained rotation, and corresponding
boundary-layer theories.

We will construct a third asymptotic form, which differs from
the preceding ones, using the following representations for the
dimensionless physical constants

gy, Lot Lor 2o
H a’p a’u ap (5.1)

Consider the bending problem. In expansions (2.3), for ¢ we obtain

0 for O35, g = 1 for O3ms Om3s M3

q = 2 for Gnn’ 0-mn’ Upps u3m’ um.’a’ (‘03; =3 for us, ('Omv unm umn
(5.2)

With asymptotic representations (5.2) the quantities of “pure
moment” origin in the equations of the theory of micropolar plates
can be separated, and they form an autonomous system of equa-
tions, for which separate boundary conditions are obtained. For
the “force” part of the problem we obtain a unique shear theory
of plates, in which the angles of rotation are specified by the “pure
moment” part of the problem.
We will formulate these systems of equations:

the equilibrium equations

oLy, 3Ly, _
o, | ox, " (5.3)

the elasticity relations

= _ _ 4y
L,y = 2R[(Y + &)y + (Y =€)k 15 Ly = 2,Y+I3[2(Y+B)knn+Bkmm] (5.4)
and the geometric relations
b = 0Q, b = 0Q,,
nn = 5‘;;‘ nm = —87"' (55)

Here kp, and kpm are the components of the bend-twist tensor at
points in the midplane of the plate and €2, are independent rota-
tions about the axes x at points in the midplane.

The equations of the “pure force” part of the plate bending prob-
lem are:

the equilibrium equations
aNn aNz;x oM,, 3H
- _ _ _93 _y
ox, axz Py Ns dx, Ox Pn
the physical relations
= 2h-4al' ;- N,,

n
= L(K +vK

3(1-v

mm)’

and the geometric relations

ow m _ 3w _ow
HED"Q Ky = g Ky = 5o

0x, ox, n0%m (5.8)

l—‘nS =

Here w is the deflection of the plate, I3 are the shear strains, and
Knm are the flexural-torsional strains of the midplane of the plate.
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For the two-dimensional “force” plate bending problem
(5.6)-(5.8) we obtain the following resolvent in w(x1, x3)

0 (ow ap, sz
gl )] = e 52

(5.9)

DV*Viw+ Sha[ 9 (aw

9x,\0x,

+ Qz)

The theory of micropolar plates (5.6)—(5.9) has been constructed
here for the first time taking relations (5.1), (5.2) into account.
We call the coefficient 8ha the shear moment stiffness, because
the physical constant « is also the shear modulus, as is the clas-
sical modulus . Then, taking relations (5.1) into account, this
theory may be treated as the theory of plates “with small shear
stiffness.”

Taking relations (5.1) into consideration, the asymptotic expan-
sions for the boundary layers has the form

N

f(s) x-3 s (s)
Z r/’uu_s 26 Hij s

s
2
v =&Y 0, o=8" 285 o
s=0 s=0

(5.10)

We will represent the constitutive equations of the boundary layers
in the form of the following four systems of equations

80(1‘? + acffl) _ F(;, i8] 80(1;) 49033 30(‘) F(S_ 1)
o,  ag I T
) (s-1)
Lo F uay+FETY,
a&l 1230 5
av(?)
s s—1
Fio M+ F ™V = 0, = Fiio(i, %)
9“2:)+31’1 FFSD —(c“)+o(‘)) o 4 FOD 2 ) _ 6y
E_, ac 31 13 2 11 4|.l0L* 31
(5.11)
J0 “) ac(\)
i) 32 _ F(s 1)
§1 o
vy’ o © 4 6 vy o ® (s
+F§ —(c G5), + Fy “‘(‘5 +623)
aé] 12 21 ac 23
s 1 s s s—1 s)
() F(S ) - 4u (G(Y) 0(12) () F(IO ) _ 4”a (G(S) 0.(2;
(512)
au(S) a (8) “s1)
+ = =F
9, BC
a(l)(;) (s) ~(s-1) -1)
=aGp (V. 8)+Fs ZIu(Y’£)+F6 =0
g,
am“) (s-1)

= 4Gy, (1.8), aGyy(Y,&)+Fs =0

Pl (5.13)

au(‘)+aum Foob ouy Bu(;; = BV

%, "o T

am(s) ~(s— s (s-1)

aél - F(173p(7’ [5)+F§ l), aF(21)3p(Yvﬁ)+F7 =0
1

da? da =

5 ©3 (s) s
_ac = aF;])Zp(Y7 B)’ aél = aG13u(Y’ 8) + F9 ’

do!”
ac - aGg]p(% 8)

|

(5.14)

The quantities F,‘{S_” and Fl(f_” are not given here because of their
length. They are equal to zero when s=0.

Note that the boundary layers constructed differ considerably
from the boundary layers obtained using asymptotic expansions
(3.16).

The boundary-layer problems for & =0 have the following
properties, which were obtained from the systems of equations
(5.11)=(5.14)

|
J’G(lsr)d(: (J 1) Ju(ﬂdc_t(s 1) J’co.(l _é(}\ D)
-1

}E; (s)dc+4u(u+7»)1 W9dg = &Y

-1 -1

(s) Y-edy(y+B) y-¢_B
f“z dC+20c*4—YE 7B j(u) gdC+2 aa*4Y€27+ﬁ

J.C“'(l a+ 4Y€1j o{dg = F6-1 J-w(s)dc -0,

1 -1

j o dl + a—t— ] j guiyag = 1"

4 (Y +P (5.15)
Matching the inner stress-strain state and the boundary layers, we
obtain the boundary conditions for systems of equations (5.3)-(5.5)
and (5.6)-(5.9).

In the case of the first boundary-value problem, for systems of
equations (5.3)-(5.5) we have the following boundary conditions
on the contour I" on the midplane of the plate

h h
L, = Jm]"dx3, Ly = Jm;‘dx3
~h ~h (5.16)
and for systems of equations (5.6)-(5.9) we have
M h h
Nis+ j(p3 +p¥x)dxy, My = [ pfxdx
h (5.17)

In this case, for the boundary-layer problems it is significant that
the “pure moment” boundary layers (5.13), (5.14) become the
zero boundary layers, i.e., they have a lower degree of inten-
sity when s=0 (the final results for non-zero boundary layers are
not presented here). The “force” boundary layers (5.11), (5.12) are
expressed precisely as they would be according to the classical
theory.3! Thus, the “pure moment” boundary-value problem of
micropolar plates is described by system of equations (5.3)-(5.5)
with boundary conditions (5.16), and the “force” boundary-value
problem is described by system of equations (5.6)-(5.9) with
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boundary conditions (5.17). These two boundary-value problems
define a theory of bending of thin micropolar plates with “small
shear stiffness.”

For the “force” boundary layers we obtain the following bound-
ary conditions when &; =0: for a plane “force” boundary layer

S = f1(8), Gz = 0 (5.18)
and for an antiplane “force” boundary layer
O12@) = P3 = O12(inn (5.19)

When s=0, the boundary-value problem for micropolar “force”
boundary layers is represented by Eqgs. (5.11) and boundary con-
ditions (5.18), as well as by Eqgs. (5.12) and boundary conditions
(5.19).
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